Abstract. Here we generalize previous work by Eisenbud-Harris and Farkas in order to prove that certain Brill-Noether divisors on the moduli space of curves have distinct supports. From this fact we deduce non-trivial regularity results for a higher codimensional Brill-Noether locus and for the general g+1 2 -gonal curve of odd genus g.
Introduction
Let M g denote as usual the moduli space of smooth algebraic curves of genus g. By classical Brill-Noether theory (see [1] [12] , [9] , and as a consequence they were able to determine the Kodaira dimension of M g for g ≥ 24. In the case g = 23, the canonical divisor K Mg turns out to be linearly equivalent to the effective sum of a Brill-Noether divisor and some boundary divisors; hence in order to prove that κ(M 23 ) ≥ 1 it is sufficient to show that D 1 12 and D 2 17 have distinct supports on M 23 . This fact is indeed established in [9] , Proposition 3, and it has been recently refined by Farkas, who in [11] proves that κ(M 23 ) ≥ 2. The present work is strongly inspired by Eisenbud-Harris and Farkas computations, which in turn rely on the theory of limit linear series developed in [7] . Our main result is the following: We wish to thank the referee for several insightful remarks. This research was partially supported by MIUR and GNSAGA of INdAM (Italy).
The results
For the benefit of the reader, first we recall some standard notation in the theory of limit linear series. Let C be a smooth curve of genus g,
If C is a curve of compact type, a limit g r d on C is a collection of ordinary linear series: 
and E is a smooth elliptic curve with
We are going to construct L, a limit g r d on C, aspect by aspect. In case (i), we take L F i := |dp i | for i = 1, 2, and as L E the pencil spanned by dp 1 ∼ dp 2 
hence the compatibility conditions are satisfied, while the smoothability is automatic from [7] , Proposition 3.1.
In case (ii), we take
, where x + := max{x, 0}, the existence of L F i follows from [9] , Proposition 1.2. Next, we take L E ⊆ |O E (D)| with D = mp 1 + (3m + 1)p 2 and vanishing sequence (m, 2m, 3m + 1) at p i . This time, the existence of L E is ensured by [8] , Proposition 5.2. These choices make L to be a refined limit
Finally, we have to prove that L is smoothable; by [7] , Theorem 3.4, it is sufficient to check that L is dimensionally proper. Let
Similarly, let π : Γ → ∆, p : ∆ → Γ be the versal deformation of [(E, p 1 , p 2 )]. From [8] , Proposition 5.2, and ρ(L E , p 1 , p 2 ) = −1 it follows that (for further details, see [11] , proof of Theorem 2, Step 2) 
for some effective divisor D ij of degree e − a ij supported on p 1 and p 2 . If ρ(M E , p 1 , p 2 ) ≤ −2, then we have at least another equality a
If j < k, define exactly as above the integers a ij , a ik , a jk and write
Notice that, since a ij , a ik , a jk ∈ {t, 2t}, at least two out of them must be equal. If a ij = a ik then from (1) and (3) it follows that D ij = D ik , hence by (5) and (2) we get the contradiction div(σ k ) = div(σ j ). Next, if a ij = a jk then from (2) and (4) (6) and (2) we get the contradiction div(σ k ) = div(σ j ). Finally, if a ik = a jk then from (5) and (6) it follows that D ik = D jk , hence by (3) and (4) we get the contradiction div(σ i ) = div(σ j ). If k > j a completely analogous argument applies. Hence we may assume
, from which we deduce α
On the other hand, in both cases (i) and (ii) our numerical assumptions imply (1) and (2), so M cannot exist.
Our first application of Theorem 1 concerns higher codimensional Brill-Noether loci, whose geometry is in general rather messy (see for instance [10] , section 2; for analogous partial results, see also [6] and [13] affine open subsets, which is definitely not the case for g ≥ 4 (as it follows from the well-known cohomological properties of M g ).
Next we turn to the geometry of the general k-gonal curve of genus g, in the special case in which ρ(g, 1, k) = −1. As in [5] , Definition 2.1, let s(r) = s(r, C) be the minimal degree of a complete, base point free and simple linear series of dimension r ≥ 2 on a curve C (s(r) is the minimal degree of a birational model of C in P r ). . We claim that C carries no g r d with ρ(g, r, d) < 0. Indeed, if ρ < −1 the claim follows from [10] , Theorem (1.1) (i), while for ρ = −1 it is a direct consequence of Theorem 1 (i). On the other hand, if ρ(g, r, d) ≥ 0 then [4] , Theorem 1, ensures that C carries a base point free and simple g r d , hence the proof is over.
